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Problem 26

Consider the initial value problem
mu” + yu' + ku = 0, u(0) = ug, u'(0) = vp.
Assume that 2 < 4km.
(a) Solve the initial value problem.

(b) Write the solution in the form u(t) = Rexp(—yt/2m) cos(ut — §). Determine R in terms of
m, 7, k, ug, and vg.

(c) Investigate the dependence of R on the damping coefficient v for fixed values of the other
parameters.

Solution

Since the coefficients in the ODE are constant and the ODE is homogeneous, the solutions are of

the form u = e™.

t " 2 rt

rt —  u' =r‘e

u=-e — U =re"
Substitute these expressions to obtain an algebraic equation for r.
m(r2e) 4+ y(re™) 4+ k(e™) = 0

Divide both sides by e".
mrl+yr+k=0

—yE /Y2 —dmk  —y L i/ 4dmk — 2 ~
T = — = —_——
2m

n
2m 2m W
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T_{ om 2m+z,u

Two solutions to the ODE are u = e(=7/2m=i)t and o = e(=7/2m+im)t - By the principle of
superposition, the general solution is a linear combination of these two.

u(t) = Cre(m1/2m=—imt 4 o o(=v/2mtip)t
= e/ 2m—iut | CQG—Wt/QmHut
— Cye2me=int | oy o= vt/2m gint
= Cre /2™ [cos(—put) + i sin(—put)] + Coe 2™ [cos(ut) + i sin(ut)]
= Cre 2™ [cos(ut) — i sin(ut)] + Coe 72 ™ [cos(ut) + i sin(yut)]
= Cre™ 2™ cos it — iCre™ 2™ sin pit + Coe ™2™ cos pt + iCoe™ "™ sin pt
= (C) + C)e ™2™ cos ut + (—iCy + iCo)e ™ /2™ sin it
= C3e /2™ cos ut + Cue /2 gin it

= 72 (C3 cos pt + Cy sin pt)
Differentiate it with respect to .

u'(t) = —2167715/2711(03 cos pit 4+ Cysin pt) + e 72 (—Cypsin ut + Cypu cos pt)
m
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Apply the initial conditions now to determine C5 and Cy.

U(O) = Cg = Up

0) = — =
u(0) = 2m03 + Cyp = vp

Solving this system of equations yields

C3=uyp and C4y= (Uo + %u[)) .

=~

The solution to the initial value problem is then
—vt/2m [ 1 Y .
u(t)y=¢e"7 ug cos ut + — (vo + —uo) sin ut
I H 2m

— ot/2m VAmk — o2 2m ( Y ) gip VAmE — 72 t]

UQ COS t+ vo + —uUp

2m 1/47771]{_»7/2 2m
I 2 2
_ ot/2m VAmk — ‘4 1 dmk — vy t] .

ug CoS (2mug + yup) sin

2m \/dmk — 72 2m

Now introduce an amplitude R and a phase ¢ that satisfy

Rcosd = ug

1
Rsind = ——— (2muwy + yug
dmk — ~2 ( )

so that the solution becomes

Vamk — 2 VAamk — 2
u(t) = e /2™ | Rcos é cos VIEZ Yy 4 Rsindsin Yn 07y
m 2m
VAmk — 2
= Re™ /2™ o (WSmPYt — 5) .

Solving the system of equations for R and § yields

2 (2mug + yugp)? 1

R=\|uf+———— and tand = ——F———
\/ 0 Akm —~? ug/4dmk — ~?

(2muvg + yug) .
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Below is a plot of R versus v for ug =1, m=1,v9=1, and k = 1.
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